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Abstract

This paper proposes a novel guidance law based on the block backstepping sliding mode control and extended state observer
(ESO), which also takes into account the autopilot dynamic characteristics of the near space interceptor (NSI), and the impact
angle constraint of attacking the maneuvering target . Based on the backstepping control approach, the target maneuvers and
the parameter uncertainties of the autopilot are regarded as disturbances of the outer loop and inner loop, respectively. Then,
the ESO is constructed to estimate the target acceleration and the inner loop disturbance, and the block backstepping sliding
model guidance law is employed, based on the estimated disturbance value. Furthermore, in order to avoid the “explosion of
complexity” problem, first-order low-pass filters are also introduced, to obtain differentiations of the virtual control variables.
The stability of the closed-loop guidance system is also proven, based on the Lyapunov theory. Finally, simulation results
demonstrate that the proposed guidance law can not only overcome the influence of the autopilot dynamic delay and target
maneuvers, but also obtain a small miss distance.
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1. Introduction

The near space interceptor (NSI) with aerodynamic fins and
reaction jets is an effective defense scheme to deal with the
threat of near space air-breathing hypersonic vehicles (NSHV)
[1], and the terminal guidance law is the key technology of the
near space interception system. The proportional navigation
guidance (PNG) law is the most popularly used guidance law
for the task of intercepting a weakly maneuvering target, or
a non-maneuvering target [2]. However, PNG may result in
an unacceptable miss distance for intercepting a target with
larger maneuvering capability. The augmented PNG (APNG)
can obtain high guidance precision, by introducing target
acceleration compensation, which is often difficult to obtain
and estimate.

The autopilot lag of the NSI usually has significant influence

on the guidance precision, especially in the presence of a
larger maneuvering target [4, 5]. Therefore, it is necessary to
take into account the autopilot lag in the guidance law design;
and an effective method to do this is to use a low-order model
(first-order or second-order) to approximate the autopilot
dynamics. On the other hand, in order to maximize the
lethality of the warheads, the proposed guidance law should
not only ensure the interceptor has a small miss distance,
but also hit the target at an appropriate attitude [6, 7]. The
guidance system with the autopilot dynamics and the impact
angle constraints satisfies the block lower-triangular structure
, which includes the matched and unmatched disturbances
[8]. Therefore, backstepping control is a natural choice to deal
with unmatched disturbances, but the problem of “explosion
of complexity” caused by repeated differentiations of the
virtual control variables is inevitable. This problem can be
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solved by introducing first-order low-pass filters [9].

To intercept a larger maneuvering target, some advanced
control methods have also been applied to the guidance law,
such as the nonlinear H_ guidance law [10, 11], and sliding
mode guidance (SMG) law [12, 13]. However, the above
methods dealt with the influence of target maneuvers at the
price of sacrificing normal guidance performance. In Ref.
[10], the guidance law design is formulated as a nonlinear
H, disturbance attenuation problem, in which the target
accelerations are regarded as unpredictable disturbances.
It is also well known that H,, control [10, 11] is a passive
feedback regulation method that efficiently attenuates the
effect of system disturbances, and only rejects disturbances
under a given attenuation level, rather than completely
removing them from the guidance system. Moreover, the
H_ guidance law relies on the solution of the Hamilton-
Jacobi-Isaacs (HJI) partial differential equation, which is
difficult to solve, except for simple or special cases. SMG is
an efficient method to deal with the influence of the target
maneuver and parameter uncertainties, but chattering is
an unavoidable problem of engineering application [12].
The saturation function and boundary layer method are
often used to alleviate chattering, at the price of disturbance
rejection performance.

Extended state observer-based control (ESOBC) provides
an active disturbance rejection method, and has been
successfully applied in many fields, such as the MAGLEV
system [14], permanent magnet synchronous motor (PMSM)
[15],and so on [16]. In the framework of the ESOBC, abaseline
controller is firstly designed, under the assumption that
there are no system disturbances, such as dynamic inversion
control, and sliding mode control; then, the extended
state observer (ESO) is developed to estimate the system
disturbances [17], and the feed-forward compensation term
based on the estimated value is introduced, to remove the
influence of the disturbances.

Motivated by the aforementioned considerations, this
paper dealt with the guidance law design problem for the NSI
based on block backstepping sliding mode control and ESO.
The target maneuvers and the parameter uncertainties of the
autopilot are regarded as disturbances of the outer loop and
inner loop, respectively. Then, a novel block backstepping
sliding mode guidance law is developed, based on the
estimated disturbance value. Finally, simulation results
show the effectiveness of the proposed guidance scheme.

Briefly, the rest of this paper is organized as follows.
Section 2 introduces the guidance model description for
the NSI. Section 3 presents the guidance law, based on the
block backstepping sliding mode and ESO. Section 4 gives
the simulation results for the NSI guidance system. Finally, a
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brief conclusion is drawn in Section 5.

2. Guidance model description of the NSI

Assuming that the interceptor and target are point masses,
the relative motion geometry between the NSI and the target
is shown in Fig. 1, where M and T represent the mass center
of the interceptor and target, respectively. Oxyz and Ox,y,z,
denote the inertial and line-of-sight (LOS) coordinate
system, respectively. ¢, and ¢, are the azimuth angle and
elevation angle in the LOS coordinate system, respectively.
r is the relative distance between the interceptor and target.

As shown in Fig. 1, the dynamics of the missile-target
motion in three-dimensional space can be described as
follows:

1)

.. .2 .2 2 _
r_rqg _rqﬂ Cos qg _atr _amr

Fg, + 27, + rqf, sing, cosq, =a, —a, )

ne

©)

—rijﬂ cosq, — Ziqﬂ cosq, + 2rq€qﬁ sing, = Ap—0a,,

where, [a_,a amﬂ]r and [q,,a

and target accelerations in the LOS coordinate system,

a,,]" are the interceptor

mr? “me? te?

respectively.
In addition, the autopilot dynamics of the NSI can be
approximately described by the following second-order

model:
. . 2 2 ¢
Ape = _Zé’a)n a,. —o,a, toa, + d£4 (4)
. _ . 2 2 c
amﬂ - _2§a)nam/3 - a)n amﬁ + wﬂ amﬂ + dﬂ4 (5)

and ¢¢, denote the acceleration command

mp
of the NSI in the vertical and lateral plane, respectively; ¢

where, a;_
and @, denote the damping ratio and natural frequency
of the NSI autopilot, respectively; and d_, and d,, are the
disturbances and parameter uncertainties in the autopilot
loop, respectively.

Yy y

Fig. 1. Three-dimensional interception geometry
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The attack angle denotes the angle between the interceptor
velocity vector and the target velocity vector in the guidance
terminal time. Based on [6], the attack angle constraint can
be transformed into the constraint problem of the terminal
LOS angle:

qg(tf):qu’ qﬁ(tf):q/}d 6)

where, ;is the guidance terminal time, and ¢,, and g, are
the desired terminal LOS angle in the vertical and lateral
plane, respectively.

In practical applications, the acceleration along the
interceptor’s velocity cannot be controlled in the terminal
guidance processes. Therefore, we only need to discuss
the relative motion normal to the LOS, and design the
acceleration command to send the LOS angular rate to zero,
or to a small neighborhood of zero.

Define the variables

A T
X =14, ~ 4045 =]
A . R A T Ar. .
%, =2[4,,4,1', x, =la,,,a,,1", %, =4, a,,1,
A A T A
u:[a;m,a;[,]r, a,=[a,,~a,], and d, :[dg4,dﬁ4]r. The

guidance system (1)~(6) can then be written in the following

form:
xl = x2
X, = fo(x, %)) + 5, (%)X, + 85, (x))a,
X, =x, (7)
Xy = f4(x3,x4)+g4u+d4
T
y=[x,x,]
where,
; -1 1
2~ psing, cosq, -0 PR
VACR S I g(x) 2 R SEOS |
r Gy *24.9, tang, rcosq, reosq,

o| 20,4, ~oa, al@ 0
)S(xg,n){ > } ga{ zj|'
0

Assumption 1. It is assumed that the elements of g,,(x,)
and g;/(x,) are all bounded, which will be used in the
stability analysis of the closed-loop guidance system.

Remark 1. The guidance and control system will stop
working, when the relative distance satisfies r<r, where r;is
a positive constant. Therefore, assumption 1 is reasonable.

Therefore, the design objective in this paper is to design
a guidance law such that the guidance law can not only
obtain a small miss distance, but also guarantee the NSI has
an appropriate attitude to intercept the maneuvering target,
i.e., design an appropriate controller for the time-varying
system (7), to make the absolute value of the output as small
as possible, in spite of the disturbances.

3. Guidance law design and stability analysis

In this section, a novel guidance law is developed for the
time-varying system (7), based on the block backstepping
sliding mode control and ESO; and the stability analysis of
the closed-loop system is also given.

3.1 Guidance law design

The compensation term based on sliding mode control
is often used to deal with the target maneuver influence
on the guidance system. However, strong robustness of
the SMG is obtained by sacrificing the normal guidance
performance, and the high frequency chattering also limits
the engineering application of the SMG. Therefore, the target
maneuver is regarded as the outer loop disturbance of the
guidance system in this paper, and the estimated disturbance
value derived by the ESO is employed as the feed-forward
compensation term, to remove the influence of the target
maneuver on the guidance system.

Define the variable %, =[v,,v,]" £[rq,, rg,cosq,] . We
can obtain the following system:

-’éz :.i‘Z(xl’gz)+g2]x3+at @)
where,

2
AN Vy tang,

7 Z A r r >
fo(x, %)= > 8
V.V, vvytang,

r r

>

o

Then, the following second-order ESO is proposed to
estimate the target acceleration a,:

) =7y —X,, 8, =1y —a,, 7y =4,

z;21 =T Myl + fz(xlaiz) + 85 %;

z;zz =—pyl fal(e,,,a;,,6,),
fal(gz127a22’522)]r

where, e,, and e,, are the estimation errors of the ESO, z,,
and 7,, are the observer outputs, and z,, and ,, are the
observer gain coefficients. The function fa/(s) is defined as
the following form:

e, sgn(@,y;) &> 3.

2i . A
Gl SR T ene gy,
€y, /6y le,,|< 6,

Jal(e,,,a,,0,) = {

with (< a, <1 and 5,, >0, ieN. For the appropriate
parameter values of 4, iy, @, and 0,, ieN, the
observer output z,, converges to X,, and z,, converges to a,.
The stability analysis of the ESO (9) can be seen in [17].
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The observer error dynamics can be written as:

€, =€, — e
e, =—da,— i,[ fal(e,, a,,0,,),
— T
Jal(e,,,a,,,6,)]

(10)

— Af— — T — Ar— — 1T N
where, e, =[e,,,,e,,]') €, =[e,, &,,] anda, =[a,,a,] .
From (10), we can obtain:

1Vay;

eyl =la,/1ty,]

TR )8, (1)
€| =ty la; /i,

e, |=la.on |/

| 2[x| ‘ ti 2.1 ] :u22 , if |521i|g52i (12)
(€50 = £y, |6,: 05, |/ 14y

From (11) and (12), we can know that the estimation
errors of the ESO can be forced small enough, by selecting
the appropriate parameters (), (i, &,; and J,,, i e N. The
proposed ESO can effectively estimate the system state x,
and the target acceleration a, respectively. Furthermore,
the parameter 4,, can be selected large enough to make
|a,/u,,| as small as possible, and x,, and «,; should also be
small enough, such that the estimation errors of the target
acceleration are small enough.

Based on the same method, the following ESO is proposed,
to estimate the disturbances in the autopilot loop:

€, =2y~ X,,€, =1y —d4, Ty = ‘24

=Ty — Hyey + (x5, x,) + gu

z;42 =—upl fal(e,,a,,0,),
fal(%:%@z)lr

Z (13)

where, ¢,, and e,, are the estimation errors of the ESO. The
function fal(+) is defined as follows:

e, [ sgn(e,,) le,,l> 0,

_ o _ , 1eN.
e4]i /541' o |e4li| S 54!'

Jal(e,,,a,;,0,) =

Based on the system (7), and the above ESO (9) and (13),
we consider the following guidance law:

Step 1: Define the first error surface as follows:

14
s, =x, +—=kx (14)

where, V,, is the velocity of the NSI, and k,=diag{k,,, k,,} is a
positive-definite matrix. The derivative of s, is:

vV r
m
kyx,
”

m

r

(15)

kx, -

8§, = fo(x, ) + &5, (%) x5 + g (x))a, + 2

Then, the following virtual control x; is selected, to make
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§,converge to zero:
. i} -V Vo
X3 = _gzll(x|)|:.fz(xlsxz)+gzz(xl)a1 +Tk|xz _7k1x1 +kzsz} (16)

where k,=diag{k,,, k,,} is the gain matrix. The following first-
order low-pass filter is proposed to obtain the filtered virtual
control X;:

T,X, + X, = x;, X,(0)=x,(0) 17)

where, 7, = diag{r, , 7,,} denotes the filter time constant

matrix.

Step 2: Denote the second error surface as follows:

§3 = X3 — X3 (18)
and its derivative is:
§,=X,— X, (19)

Then, the following virtual control X, is selected, to make
s, converge to zero:

X, =—k;s,+ X, (20)

where, k,=diag{k;,, k,} is the gain matrix. The following filter
is proposed to obtain the filtered virtual control )_CZ :

7,%,+X, =x,, X,(0)=x,(0) (21)

where, 7, = diag{r,,, 7,,} denotes the filter time constant
matrix.
Step 3: Denote the third error surface as follows:

*

s, =X,—X, (22)
and its derivative is:
§,= filx;,x,)+gu+d, - X, (23)

Then, we can design the following actual control to make

§, converge to zero:

u= g;l[—f;(xp x,) _dA4 + EZ —k,s, _kSSig(sét)}m ] (24)

where, sig(s, )" = [sgn(s,, s, [, sgn(s, s, ] 4 = diagidy, 2.},
k, =diag{k,.k,,} and ks =diag{k,,k,,} are the positive-
definite matrices.

Remark 2. If the filter time constant matrices satisfy the
constraints 7, =7, =0, we have X, =x, and X, = x,, and
should compute the differentiation of the virtual control in
the backstepping control design process. In this paper, we
introduce two first-order low-pass filters, to compute the
derivatives of the virtual control, i.e., X, = —z;' (X, — x;) and

%

_1 R *
X, =7, (X,—x,)-
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Remark 3. The NSI acceleration is achieved by
transferring u from the LOS coordinates system into the
inertial coordinate system.

3.2 Stability analysis

Assumption 2. It is assumed that the estimated errors of
a, and d, satisfy the following constraints:

[€xll<N,, el <N, (2%)

where, N, and N, are positive constants.

Based on the above analysis, we have the following
theorem:

Theorem 1. Consider the uncertain nonlinear system
(7), and let Assumption 1 hold. If the design parameters
k, (i€{2,3,4,5})
7, (i€{3,4}) are selected small enough, the proposed

are selected large enough, and
guidance law based on the block backstepping sliding mode
control and ESO can keep all the states of the closed-loop
system bounded, and the LOS angle rate arbitrarily small.

The proof of Theorem 1 can be seen in Appendix A.

Remark 4. In order to obtain a small miss distance, we
usually choose the parameters k, (i<{2,3,4,5}) large
enough, and 7, (ie€{3,4}) small enough. However, this
may lead to unacceptable transient responses and large
acceleration command. Also, the filter time constants 7,
cannot be made arbitrarily small in practice. Therefore, in
the design process we should balance the tradeoff between
the transient responses and the guidance accuracy.

Remark 5. During the implementation, the acceleration

of the NSI is bounded, according to the following saturation

function:
u,- — {uimaxsgn(ui) 1f ‘ul| 2 u[max (26)
ui lf ‘u1| < u[max

where, u, .., ieN is the maximum acceleration of the
interceptor.

A structural diagram of the guidance system can be seen
in Fig. 2.

4, Simulation results

In this section, some numerical simulations for the
NSI guidance system will be given, to demonstrate the
effectiveness of the proposed guidance scheme. The initial
conditions of the NSI and target in the inertial coordinate
system are shown in Table 1.

Table 1. Initial conditions of the NSl and target

Parameter Value Parameter Value
X0 Om X, 15204.6m
Yoo Om Yo 6840.4m
Z, Om Z, 11046.8m
V.o 1500m/s Vi 1700m/s
0.0 30° 0, -10°
¥ omo -30° Vo 140°

The NSI with aerodynamic fins and reaction jets is used
to deal with the threat of the NSHYV, so the response time of
the acceleration command is about 0.15~0.2 s. Therefore, the
damping ratio and natural frequency of the NSI autopilot are
selected as ¢ = 0.8 and @, = 20, respectively.

The parameters of the ESO (9) and (13) are given as
follows:

ty =50, 1, =150, @, =a,, =02, &, =5, =0.001,
fy =5, 1y, =200, @, =a,=02, 5,=0,=001.

The parameters of the proposed guidance law are selected

as follows:
k,=diag{2, 2}, k,=k,=diag{10, 10}, k,=diag{40, 40},
ks=diag{20, 20},

A =diag{0.6, 0.6}, 7, = diag{0.01, 0.01},
7, =diag{0.025, 0.025}.
The maximized acceleration of the NHSV (X-43 and

X-51A) is about 2~4 g. The interception conditions in this
paper are then selected, so that the acceleration of the target

ESO in outer

a | loop Target
ESO in inner ‘ maneuver
. loop
« A d i

{qc =l v 4 A ¢d4 "a, q,.4,

q* =0 |Controller . Controller| . Controller| Model Model . 94,9,
—  »f inouter ¥ Flléer (¥ in middle Flzter [ in inner in inner in middle Guldar::)zeslyslem —‘/ ’

C]; =q, loop x; X,| loop |x, }: loop |u loop [x,| loop |[x;

o A .. A A A W ¥ X, X,

4,=0 X, X, X3 3 X X, ’

X

Fig. 2. Structural diagram of the guidance system
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is a,=aqa, =40sin(f)m/s’, and the disturbances of the
autopilot loop are d_, =200sin(s) and J 54 =200c0s(?)-
The flight path angle and heading angle of the target at the
guidance terminal time are 6,(¢,) =190 “and v, (t,) =140"
, and the desired attack angles in the vertical and lateral
plane are -156.5° and -173°% then by some calculation,
we can obtain the desired LOS angles as ¢, =21.1" and
q,=-37.1"

The proposed guidance law based on the block
backstepping sliding mode control and ESO (denoted by
BBSMG+ESO, Case 4) is firstly applied to the NSI guidance
system, and the PNG (Case 1), SMG (Case 2), and APNG
(Case 3) are also studied for the simulation comparisons.

The PNG is given as follows:

u, =—=Nrq,, u,=Nrq, 27)
where, the proportional coefficient is N=3.2.

The SMG is given as follows:

u, =—Niq, +esgn(q,), uy=Nig, —esgn(g,) (28)

where, N =4.5and ¢ = 200.
The APNG is also given, as follows:

22 g ;
————— PNG !

215 | — - SMG |
APNG |

21 BBSMG+ESO 1

I

I

I

I

!

20.5

20

LOS angular in vertical plane (deg)

3 4 5 6 7
Time (s)
(a) LOS angular in the vertical plane

Fig. 3. Curves of the LOS angular

06 : : : : : —
5 |
= 0.4 :
g Lem )
2% 02 - = ‘
o &b o - T T~ N ,‘
= % B \ -1
== 0 NN
A I
L‘j % 77777 PNG N
Ba02 | sug \\ )
> 04 APNG S
Q BBSMG+ESO I
0 1 2 3 4 5 6 7
Time (s)

(a) LOS angular rate in the vertical plane

Fig. 4. Curves of the LOS angular rate
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u,=-Nrq,+a,, uy;=Nrq,+a, (29)

The response curves of the LOS angle and angle rate
based on the four guidance schemes are shown in Fig.
3 and Fig. 4. Under the same simulation condition,
the proposed guidance scheme for Case 4 can make
the LOS angle and angle rate converge to the steady
state value more quickly, and the transient value of the
system response is also small. The actual and estimated
value response curves of the target acceleration and the
autopilot loop disturbance are shown in Fig. 5 and Fig.
6, and we observe that the proposed ESO can efficiently
estimate the target acceleration and the autopilot loop
disturbance. Fig. 7 shows the response curves of the
NSI acceleration command, based on the four guidance
schemes. Fig. 8 shows the movement paths of the NSI and
the target in the inertial coordinate system.

Toillustrate the robustness to target maneuver and external
disturbance, a Monte Carlo simulation study consisting of 100
sample runsis carried out. The simulation result comparisons
of the four guidance schemes are shown in Table 2, in terms
of miss distance and interception time. We can see from Table
2 that the miss distance for Case 4 is minimal.

-35.5

-36.5

BBSM G+ESO

0 1 2 3 4 5 6 7
Time (s)

LOS angular in lateral plane (deg)

(b) LOS angular in the lateral plane

0.6 :
R PNG
£ 04— - suG
= APNG
£% 02 BBSMG+ESO
5 ;
=T -
== 0 e
- O = —_ S ~ 4
s g i S -~ !
5= 0.2 . p
e N
S~
wn -
) 0.4
-
0 1 4 7
"lalme (s)

(b) LOS angular rate in the lateral plane
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Target acceleration in the

50

Actual value

Estimated value

o

vertical plane (m/ )

&
<]

-
N

3 4
Time (s)

(a) Target acceleration in the vertical plane

Fig. 5. Curves of the target acceleration

Inner loop disturbance in

300

N
o
o

Actual value

Estimated value

=
o
o

o

the vertical plane

-100

-200 ‘ ‘ ‘ ‘
0 3 4
Time (s)

(@) Inner loop disturbance in the vertical plane

Fig. 6. Curves of the inner loop disturbance

Fig. 7. Guidance command based on the four guidance schemes

Y (km)

Guidance command in the

100

50

E o

2

S -50

a

£-1000 | — - sma

g APNG
-150 BBSM G+ESO
-200 ‘ ‘ ‘ : ‘ ‘

0 1 2

3 4
Time (s)

(a) Guidance command in the vertical plane

Fig. 8. Trajectories of the interceptor and target
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50

o

Target acceleration in the
lateral plane (m/sz)

Actual value

Estimated value

N

3 4
Time (s)

(b) Target acceleration in the lateral plane

Actual value -
””” Estiamted value

the lateral plane
2

-200

Inner loop disturbance in

-300 -

ot
~

3 4
Time (s)

(b) Inner loop disturbance in the lateral plane

200
° .
E I
= .~ 100 !
g
T E
§°
2 0
£8
o o
o =
«
£ 5 -100
==t APNG
3 BBSMG+ESO
2 5 4 5 6 7
"lsime (s)

(b) Guidance command in the lateral plane

Table 2. Guidance performance comparison of the four schemes

Guidance method Miss Distance (m)

Interception Time (s)

PNG 0.8439 m 6.369

SMG 0.6961 m 6.368

APNG 0.3965 m 6.368

BBSMG+ESO 0.0348 m 6.368
http://ijass.org
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5. Conclusion

In this paper, a novel guidance law is proposed for the NSI,
based on block backstepping sliding mode control and ESO.
Firstly, the guidance system with the autopilot dynamic can
be divided into the outer loop, middle loop and inner loop.
Then, the ESO is developed to estimate the target acceleration
of the outer loop and the disturbance of the inner loop,
and the estimated values are employed as feed-forward
compensations, to remove the influence of total system
disturbances. Furthermore, first-order low-pass filters are
also introduced, to compute the differentiations of the virtual
control variables at each step of the block backstepping sliding
mode guidance law. Finally, simulation results demonstrate
that the proposed guidance law can obtain a small miss
distance, compared with the other guidance schemes.

Appendix A: Proof of Theorem 1

Define the following filter errors:
V=X X, y,=X,—X, (A1)

then, the dynamics of the filter error can be written as
follows:

V=T p Xy, P =T, X, (A2)

From (14), (18), (22) and (A1), we have:
x,=s5,——"kx,

r
X, =8, +X, =8, +y, + X,

—* *
X, =85,+x,=5,+y,+x,

From (7) and (14)~(24), we can obtain that:

N
- n n
$, =x, +—"k x, — "k x,
r r

|4 V. F
— v m m
=X, +—kx, ——-kx,
r r

(AB)

. v
:fz(xlvxz)"'gzw(xl)(s} +V; +x3)+gzz(x1)ar +

V.
kle - mz klxl
r r

=2,(x)(s;+ ;) — ks, + g, (x))a, — g, ()4,

= (x)(s5 + ;) —k,5, — g5, (x))ey,
. e —k _ —k
$,=X,—X, =x,— X,

X, (A7)

=5, +ty, +x,—X,

=s,+y,—k;s;
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and,

L

S, =X, Xy

= fi(x,x,)+gu+d, _i:
(A8)
= —k,s, —ksig(s,)* —d, +d,

=—k,s, —ksig(s, YA — e,

For the system (7), consider the following Lyapunov
function:

V= 0.5(S2TSz + s3Ts3 + sffs4 + yéry3 + yfy4) (A9)

The coefficients and variables for the system (7) and
their derivatives are all bounded. Then by some simple
calculations, we have:

131l < 775,83, 35,800, k) (A10)

HJ’CIHS774(s2,s3,s4,y3,y4,322,k2,k3) (A11)

where, 7, and 7, are both nonnegative continuous
functions. For some given positive constant R, the
following set:

T =T

Br:{[S;,Sf,sf,.)’;,ypezz]r,VSR*} (A12)

is compact. Therefore, 77, and 77, have maximum values on
B,, which satisfy the following constraints:

Rl < M, il <M, (A13)

where, M, and M, are some positive constants.
Then, by some simple computations, we have:
818, =878, (8,+ 3) =57 kyS, — 8 88,

< O.Ss:g;.\‘ + 0.5,\‘3’,\‘3 + 0.5,\‘:rg;,\‘2 + 0.5y}ry3 7s;k3,\‘2 + 0.5,\‘:rg§2.\‘2 + O.SEZTZE:2

(A14)

<s! (g3 —k,+0.5g,)s,+0.55] s, +0.5y] y, + 0.5N;
r. _ T
838 =85 (8, +y, —ks;)

<0.5s]s,+0.5s]s,+0.5s]s,+0.5y] y, —slk;s,  (A15)

=s1(I—k,)s,+0.5s]s,+05y] y,
sis, =—sik,s, s, ksig(s,) —sle,

<—sihk,s, +hglsy [ + kyls, T +0.55] s, +0.5¢,e,,

< =81k, + gy [+, ) + ko ls,o|(1+]s5,,) +0.55) s, +0.5e e, (A16)
< —sThys, +kg (0.5+1.552) + ki, (0.5+1.552,)+0.55]'s, +0.5¢ ¢,

<sT(0.51 -k, +1.5k;)s, +0.5N? +0.5k, + 0.5k,
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Yy =s (-7 y, - X))

<y, +0.5y] y, +0.5(x;)" X, (A17)
<yl (0.5 -7, )y, +0.5M;
and,
LA A C AN
<-yit,'y, +05yl y, +0.5(x,) x, (A18)

<yl 0.51-7,")y, +0.5M;
By taking the time derivative of V(#) along the solutions of
the system (7), we have:
V= s; 8, + sg".s'g + s:&‘: + y;‘ys + .V4[ V4
<s!(g: —k,+0.5g3,)s, +0.5s] s, +0.5y y, +0.5N;
+s1(I—k,)s, +0.5s]s,+0.5y] y,
+57 (0.51 =k, +1.5k)s, +0.5N} +0.5k;, +0.5k,,
(A19)
+yT (051 =7 )y, +0.5M7 + y! (0.5 —7;")y, +0.5M?
=5 (g2 —k,+0.5g%)s, +si (1.5 —k;)s, +s. (I -k, +1.5k)s,
+y =2y, +y =7y,

+0.5N; +0.5N; +0.5M; +0.5M; +0.5k;, +0.5k,,

If the designed parameters satisfy the following
conditions:

g —k,+0.5g2, <-0.5«1
1.51 -k, <-0.5x1

I—-k,+15k <-0.5x1 (A20)
I-7,'<-0.5x1
I-7,'<-0.5x1
where « is a positive real number, then we have:
V<—kV+C (A21)

where, C = 0.5N; +0.5N; +0.5M7 +0.5M +0.5k,, + 0.5k, -

By the comparison principle, it is easy to obtain that:

[KV(0)—Cle™ +C
K

V()< (A22)

The parameter C/x can be made arbitrarily small, by
choosing x large enough. Therefore, s,, s;, s, ¥; and y, are all
uniformly ultimately bounded, and we can both obtain the
short miss distance, and guarantee the desired LOS angle.
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