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Abstract

In multi-dimensional systems, various solution schemes for radiative transfer
are suggested but the applicabilities and accuracies of these schemes have not yet
fully tested due to the lack of reference solutions especially for nongray gases. In this
paper we present some precise radiative transfer solutions for a black walled
3-dimensional cylindrical system filled with nongray gases having uniform
temperature and concentration. The ray-tracing method with the Ty quadrature set
and the SNB model are used to obtain the radiative transfer solutions by the nongray
gases. The solutions presented in this paper are proved to be quite accurate and can
be regarded as the reference solutions for the radiative transfer by nongray gases.
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Introduction

Radiative transfer in energy systems such as furnace, combustor, boiler and high
temperature machinery is a significant mode of heat transfer. To analyze the radiative transfer
in these systems, various solution schemes for the radiative transfer equation(RTE) in
multi-dimensional enclosures were studied by many researchers. Most of recent computer
simulations for the convection heat transfer with fluid dynamic problems are required to be
performed in complicated three-dimensional configurations. Various modeling schemes of the
radiative transfer within these multdimensional enclosures filled with participating media are
available. Raithby and Chuill] proposed the finite volume method (FVM) and Chui et. all2]
solved some three-dimensional problems by using the FVM. Cheung and Song[3] suggested the
Discrete Ordinate Interpolation Method(DOIM) and Seo and Kim[4] and Cha and Song[5] applied
the DOIM to the three dimensional enclosures. Maruyama and Aihara [6] suggested the radiation
element method by the ray emission model(REM?) and Maruyama and Aihara [7] applied the
REM? to some arbitrary three dimensional shapes.

Although there are many schemes suggested for analysis of radiative transfer in
multi-dimensional systems, the applicabilities and accuracies of these schemes have not yet fully
tested for nongray gases. This is because the reference data for irregular multi-dimensional
nongray gas radiation are very rare in the literature except for the result presented by Liu [8]
and Kim et.al [9] for nongray gas within 3-D rectangular enclosures.

In this paper we present some precise radiative transfer solutions for a black walled
3-dimensional cylindrical system filled with nongray gases. The statistical narrow band (SNB)
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model and the ray-tracing method with the TN quadrature set [10] are used for finding nongray
solutions. The solutions obtained in this study are proved to be quite accurate and can be
regarded as the exact solutions.

Basic Equations

Radiative Transfer Equation

The ray-traying method by Lockwood and Shah [11] solves the radiative transfer
equation(RTE) by tracing the rays starting from the black walls to the point in the medium
and/or on the black wall. The generalized spectral form of the RTE along a line of travel s
froms, to s, in the @ direction can be written as

Li(sp, @ = L5, 9 eXD( —f:ms) ds) 5 f:S,l(s,.Q) exp( —f:”bu(s') ds')a’s 1)

The radiative source function appearing in Eq. (1) is expressed as

o

Si(s, Q) = ax(s) [y(s) + Zz(zS) LIM(S,Q')(DA(Q;.Q')dQ' (2)

where «; and oy are the absorption and scattering coefficients of the medium respectively and
they are related to the extinction coefficient, ;= a;+ oy. @ is the scattering phase function,
and I is the blackbody intensity of the medium at s.

For non-scattering(purely absorbing) media( 64 = 0), the RTE shown in Egs. (1) and (2)
are simplified as

L5 @ = L @ exo(~ [ a9 ) + [ a9 19 exo (= ["aits) &) as @

where the estimation point s,=(7,, z,) can be located on a wall or in the medium but the
upstream point s,=(7,, z,), where the ray starts, is located on the black wall to trace a radiative

ray as shown in Fig. 1.
For purely absorbing uniform media, we don’t need the approximations such as the
Curtis—Godson [12] or the Lindquist-Simmons [13]

|z approximation The solution procedure by using Eq. (3) is
effectively decoupled from the local effect. The exponential
Su(Tu, Zu) term in Eq. (3) is called the transmittance r;(ds) of the

\ . . v .
medium and is expressed for the uniform medium

considered as

i r,(ds) = e “* (4)
X (r_z“) where 4s= s, — s, is the path length. By neglecting the
1o 2 SPUIpaZp
change of I, within J4s, Eq. (3) can be expressed in a
simpler form as

N S y Ly(sp, ) = L, (s,, Q) t,(4s) + L;[1 — 1;(49)] (5)

) Since the upstream point #« is on the black surface
X (L, = L), Eq. (5) becomes

'

Fig. 1. Schematic diagram of the

cylindrical enclosure. Ly, D = L 7i(49) + L1 = 7(49)] ©6)
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Spectrally averaged RTE

If we want to apply a band approximation such as the narrow band model, a spectrally
averaged form of Eq. (6) over a bandwidth 41 is needed.

1 Au Ay
) s Qd = Jp [ L) @
1. r* B
+ fh Lydi— 23 fh Lyt (ds)dA

where Ay=A+4A/2 and A, =A—44/2.

Since the spectral dependency of the transmittance is very strong for most of the gases, we
have to be careful in dealing with the spectral correlations between the transmittance and other
variables [14]. The first and the last terms on the right hand side of Eq. (7) have this kind of
spectral correlations. However, since the spectral variation of the blackbody intensity is relatively
smooth as compared with the transmittance, the spectral correlation between the blackbody
intensity and the transmittance is negligible. Then Eq. (7) can be approximated as

1 e T (% Ligy (™
a7 J, e @an = 2 [ =i [ o(agd

(8a)
oTy (% Lu o) riv I, Ay
o T BT b T J,, w9 a
fractions
= _ oT,
In(s)) = =0 Fra-1a, )

+ [UT;F Tuiv—Tot, — 06T5 Fra, - T " 7;(ds)

where 1,, tr; and F 1,4,- 7,4, are the band average intensity, the band average transmittance

and the blackbody fraction over the band, respectively.
For a discrete direction 2,,=(g, & 7)., Eq. (8b) can be expressed by the following discrete

form as
- T}
I m m! = — F =
10.m (Sp,m) 1 T,Av— TpAr (92)
+ [O_T:JFT.},»— TuAL UT: FT,A,;- T,AL] - i (dsy)
where m=1, - -, M, where M is the number of discrete directions. The path length 4s,, is the

distance between the two points, p and u, along the &,, direction as shown in Fig. 1. And T,
is the temperature of the gas or wall at point p.
For the A" band, we may write it such that
oT,

Ik.p.m(sp_m) = Tk. FT,/‘:-*TJL (gb)

+[0TeF ray-1a,— 6Ty Frp-1,0,)  T2(dsm)

where 44, is the width of the " band.

Once the band average intensities for all K bands are obtained, the total intensity at point
p is computed as

Ip.m = g _Ik.p.m AAk (10)
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The radiative wall heat flux and the average intensity are computed with the radiative intensities
obtained from Eq. (10) and they are represented by following dimensionless forms

. Qw 1

Q= o, T Tk "gllﬂ'm Tm Wi (11)
s_ G  _ 1

¢= G L ot 4o ﬂot mﬁl Ip_m Wn (12)

Statistical narrow band model

The statistical narrow band model was used to calculate the narrow band averaged gas
transmittances. The narrow band averaged transmittance for isothermal and homogeneous gas
along the pathlenth 4s is given by Ludwig [15].

_z-(ds)=exp[—%(\f (1+2L/%4S—k”)] (13)

where %, B, are the band averaged absorption coefficient and the line overlap parameter,
respectively.

In this study, the SNB model parameters by Soufiani and Taine [16] were used. This data
set covers the temperature range from 300K to 2900K and the spectral range from 150 cm ™!

9300cm ! with a constant spectral interval 25¢m ™ !.

to

Results

System configurations

The cylindrical enclosure considered in this study has the dimensions of D=1m and
L=2m. The normalized coordinates of »* = 2#/D and 2" = z/L are used to present the results.
All walls are assumed black and the bottom black wall is maintained at T,,=1000K and all the
other walls are at T ,,=0.5T,,. We considered two different medium temperature in cylinder.
The first case is that the medium is at 7,=0.57,, and the second case is that the medium
temperature is at T,=0.7 Tiy-

The radiative wall heat flux is calculated on the side wall at »"=0.5 along the z-axis,
and the dimensionless average intensities are calculated along the center line of the cylinder( G,
at »'=0) and along the r-axis at the half height( G, at z"=0.5), respectively. The numerical
solutions are obtained at the specified r and z levels with 21 discrete points in both r- and
z—-directions. Since we are considering a uniform medium, the spatial diacretization does not
affect the accuracy of the data, but the angular discretization plays a significant role for the
accuracy. Therefore, we considered the Ty quadrature set[72200 angles (Thurgood et. al,
1995)] for the angular discretization. The typical CPU times spent for gray and nongray gas
solutions using 7Ty quadrature set are about 10sec and 1500min, respectively, on Pentium IV
1.7GHz.

Gray gas solutions

Fig. 2 shows the dimensionless average intensity profiles( G) along the z-axis in the
medium for different absorption coefficients. The Ty solution of the average intensity on the hot
wall at 2"=0 is 053125 which coincides with the exact solution calculated using
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* _ ”'Gw. hot
Gw. hot — O‘ﬁm ‘Lvnlp Q2
= ﬁ( T‘}w{ + chold) (14)
=0.53125

Also the-average intensity at the cold wall approaches the exact solution of 0.06250 as the optical
depth increases. The average intensities shown in Fig. 2(a) decrease as the absorption coefficient
increases due to the absorption by the cold medium. When the medium temperature is increased
to T,=0.7T,,, the average intensity profile along the z-axis shows a complicated change with
the z coordinate. The average intensity increases on the hot wall, while it decreases near the
bottom wall and increases again near the top cold wall as the absorption coefficient increases.
This is due to the combined effects of the absorption and emission of the medium. Fig. 3 shows
the dimensionless average intensity( G;) along the r-axis at z'=0.5 for different absorption
coefficients. The dimensionless average intensity near the mid point within medium approaches
the exact value of 0.24010 as the optical depth increases.
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Fig. 2. Average intensity distributions for gray gases (G, at »"=0.0).
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Fig. 3. Average intensity distributions for gray gases( G, at z*=0.5).
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Fig. 4. Net side wall heat flux distributions for gray gases( @, at " =0.5).

Fig. 4 shows the dimensionless net heat fluxes on the side wall along the z-axis for
different absorption coefficients. For 7,=0.5T,,, the dimensionless radiative wall heat flux on
the hot wall coincides with the exact value of 0.46875. The net side wall heat fluxes for
T,=0.5T, and T,=0.7 T), have similar trends to the average intensity profiles for the same
medium temperatures.

Nongray gas solutions

Dimensionless average intensities and wall heat fluxes are obtained for nongray gases under
the same conditions applied for gray gases. Fig. 5 shows the dimensionless average intensity( G:)
for different gas compositions at the center line of the cylinder along the z-axis. Since the H,0
gas absorbs more radiative energy than the CO, gas, the dimensionless average intensity
increases as the medium contains more CO, for the low medium temperature of T,=0.5T .
But the dimensionless average intensity decreases near the cold bottom wall as the medium
contains more CO, for the high medium temperature of 7,=0.7T),. The dimensionless average
intensity profiles along the r-axis at z*=0.5( G}) shown in Fig. 6 show these trends due to the
change of the gas compositions.
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Fig. 5. Average intensity distributions for nongray gases ( G at » =0.0).
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Fig. 6. Average intensity distributions for nongray gases( G, at z'=0.5).
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Fig. 7. Net side wall heat flux distributions for nongray gases( @), at » =0.5).

The dimensionless net side wall radiative heat flux profiles( @;,) are shown in Fig. 7 for
different gas compositions. The side wall heat flux profiles are also affected by the gas
compositions. For the low medium temperature of T,=0.57,,(Fig. 7a), higher CO, composition
results in larger side wall heat fluxes due to the easy transmission of the radiative energy emitted
from the bottom hot wall to the side wall. However, for the high medium temperature of
T,=0.7T,,(Fig. Tb), higher CO, composition results in smaller side wall heat fluxes due to the
low radiative emission from the medium to the side wall.

Conclusions

In this paper we present some precise radiative transfer solutions for a black walled
cylindrical system filled with purely absorbing gray and nongray gases where the medium is
assumed to be uniform in properties and temperature. The solutions are obtained by using the
ray tracing method with sufficiently accurate Ty quadrature set. The average radiative
intensities and the radiative wall heat fluxes are obtained for gray gases with various absorption
coefficients and for nongray gases with various compositions of the pure water vapor and the
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pure carbon dioxide. Analytic exact values at various conditions are used to verify the gray gas
results obtained from the numerical analyses, and the numerical solutions obtained from this study
are very well matched with the exact values. Although the solution method used in this study is
not suitable for engineering purposes, the resulting solutions can be used as the reference data in
verifying the solution schemes for multidimensional radiative transfer. Numerical data including
the average intensities and the radiative wall heat fluxes presented in this paper are avaliable
through the author’s internet site at
http://cau.ac.kr/~enegry/published/cylinder_nongray/data.html.
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