
Copyright ⓒ The Korean Society for Aeronautical & Space Sciences
Received: June 4, 2015   Revised: August 31, 2015   Accepted: September 17, 2015

347 http://ijass.org pISSN: 2093-274x eISSN: 2093-2480

Paper
Int’l J. of Aeronautical & Space Sci. 16(3), 347–359 (2015)
DOI: http://dx.doi.org/10.5139/IJASS.2015.16.3.347

Rovibrational Energy Transitions and Coupled Chemical Reaction Modeling 
of H+H2 and He+H2 in DSMC 

Jae Gang Kim*
Department of Aerospace System Engineering, Sejong University, Seoul 05006, Korea

Abstract

A method of describing the rovibrational energy transitions and coupled chemical reactions in the direct simulation Monte 

Carlo (DSMC) calculations is constructed for H(2S)+H2(X1∑g) and He(1S)+H2(X1∑g). First, the state-specific total cross sections 

for each rovibrational states are proposed to describe the state-resolved elastic collisions. The state-resolved method is 

constructed to describe the rotational-vibrational-translational (RVT) energy transitions and coupled chemical reactions 

by these state-specific total cross sections and the rovibrational state-to-state transition cross sections of bound-bound and 

bound-free transitions. The RVT energy transitions and coupled chemical reactions are calculated by the state-resolved 

method in various heat bath conditions without relying on a macroscopic properties and phenomenological models of the 

DSMC. In nonequilibrium heat bath calculations, the state-resolved method are validated with those of the master equation 

calculations and the existing shock-tube experimental data. In bound-free transitions, the parameters of the existing chemical 

reaction models of the DSMC are proposed through the calibrations in the thermochemical nonequilibrium conditions. When 

the bound-free transition component of the state-resolved method is replaced by the existing chemical reaction models, the 

same agreement can be obtained except total collision energy model.
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1. Introduction

The direct simulation Monte-Carlo (DSMC) [1] is a powerful 

numerical method for investigating strong thermochemical 

nonequilibrium flows in a rarefied region. An important part of 

the DSMC in simulating the nonequilibrium rarefied flows is the 

physical models employed in describing the elastic and inelastic 

collisions. Most physical models to describe the thermochemical 

nonequilibrium in DSMC are of phenomenological nature, and 

these models describe the inelastic collisions and chemical 

reactions at the macroscopic level.

In the previous DSMC works [2-6], chemical reactions were 

described at the microscopic level for atom-molecule collisions 

by using the results of quasi-classical trajectory (QCT) 

calculations of the bound-free transitions. However, these 

models are insufficient: the chemical reactions are dominantly 

affected by the thermal nonequilibrium of rotational and 

vibrational modes induced by the state-to-state kinetics. 

Also, in the previous master equation studies of H2 [7, 8], it 

was found that the rotational-vibrational-translational (RVT) 

energy transitions have an important role in thermochemical 

nonequilibrium. These phenomena cannot be fully accounted 

for in these previous DSMC works because the Larsen-

Borgnakke (LB) model [1] adopted in the previous works has a 

limitation in describing the RVT energy transitions and it has a 

phenomenological nature and simulates the energy transitions 

depend on the macroscopic properties. 

The purpose of the present work is to construct the state-

resolved method to describe the RVT energy transitions and 

coupled chemical reactions for H(2S)+H2(X1∑g) and He(1S) 

+H2(X1∑g) without relying on a macroscopic properties and 

phenomenological models of the DSMC. Toward this end, 

the state-specific total cross sections are proposed for each 

rovibrational states of H2. In the state-resolved method, the 
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RVT energy transitions and coupled chemical reactions are 

described by the state-to-state transition probabilities of the 

bound-bound and bound-free transitions. These transition 

probabilities are defined by dividing the rovibrational 

state-to-state transition cross sections by the state-specific 

total cross sections. The state-to-state transition cross 

sections are taken from the existing work by Kim et al. [7]. 

By using the state-resolved method, the DSMC calculations 

including the RVT energy transitions and coupled chemical 

reactions are carried out in various heat bath conditions. 

The results of rotational and vibrational temperatures and 

number densities obtained from the DSMC calculations are 

compared with the results of the master equation calculations 

and shock tube experimental data [9, 10]. In bound-free 

transitions, the parameters of the existing chemical reaction 

models [2, 11-13] of the DSMC are proposed through the 

calibrations in the nonequilibrium heat bath conditions. The 

DSMC calculations are performed by the existing chemical 

reaction models where the bound-bound transitions are 

treated by the state-resolved method to accurately describe 

the RVT energy transitions.

2. State-specific Total Cross Sections

Previously, variable hard-sphere (VHS) [1], variable 

soft-sphere (VSS) [14, 15], general hard-sphere (GHS) 

[16], and general soft-sphere (GSS) [17, 18] models were 

developed to determine the total cross sections in the 

DSMC calculations. However, these previous models have 

limitations to be employed in the state-resolved method. 

One of the limitations is that the previous total cross 

section models are depend on macroscopic properties. 

The collision parameters of the previous total cross section 

models are determined at the macroscopic level by the 

curve-fit of the transport properties and collision integrals. 

The other limitation is that these models assume that the 

total cross section depends only on the relative translational 

energy between colliding particles. This assumption is valid 

in low temperature gases where the high rovibrational 

states of molecules are not excited. When the high 

rovibrational states are excited, however, this assumption is 

not valid. This is because at highly excited states, the inter-

nuclear distance of the colliding molecules increases and 

significantly influences the total cross section. The state-

specific total cross sections to overcome the limitations 

of the previous total cross section models were initially 

proposed for the N2 nonequilibrium work by Kim and Boyd 

[19]. In this work, it was shown that the state-specific total 

cross section can accurately describe the thermochemical 

nonequilibrium of N2 in comparing with the results of the 

VHS and VSS models. 

In the present work, this state-specific total cross sections 

are extended to H2. The state-specific total cross sections for 

each rovibrational states in atom-molecule collisions are 

defined as follows:

(1)

where σT is total cross section, v and j are vibrational and 

rotational states, respectively. Etr is relative translational 

energy, b is impact parameter, θ and ϕ is Euler angle, R is 

inter-nuclear distance of molecule, η is rotational phase 

angle, f is distribution function for each variables. Also, P is 

the probability of collisions: it is unity when collision occurs, 

as zero when it does not occur. For atom-atom collisions, the 

state-specific total cross sections are defined as
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Detailed description about the state-specific total cross sections are provided in the work by Kim and 

Boyd [19]. In the present work, Eqs. (1) and (2) are calculated by the QCT method based on the exact 

potential energy surfaces by Boothroyd et al. [20, 21] for H+H, H+He, H+H2 and He+H2 collision 

pairs. A stratified sampling is employed in obtaining the impact parameter. All the other parameters 

are selected through the Monte-Carlo method in the QCT calculations. The quasi-bound states are 

determined by the effective potential method proposed by Kuntz [22]. A total of 3,000 trajectories are 

calculated per impact parameter with a batch size of 0.1 Å. To ensure convergence of the cross 

sections, the calculations are performed until all collisions have the non-zero scattering angle. 

The state-specific total cross sections of the present work are compared with the VHS model. The 
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where k is Boltzmann constant, refT  is reference temperature, and 
refT  and   are the reference 

total cross sections and viscosity index, respectively. In the present work, the reference total cross 

sections of the VHS model for atom-molecule and atom-atom collisions are determined as 
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respectively. In Eqs. (4) and (5), Q is molecular partition function [23], g is relative speed, and mr is 

reduced mass. Another collision parameter   of Eq. (3) is determined from the relation between the 

viscosity coefficients and temperature. 
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where (2,2)  is collision integral and T is equilibrium temperature. The collision integral (2,2)  are 

taken from the works of Stallcop et al. [24] and Park et al. [25]. The reference total cross sections and 

viscosity index evaluated in the present work are tabulated in Table 1. 

In Fig. 1, the state-specific total cross sections for the atom-atom collisions are compared with the 

VHS model. In this figure, the differences between the state-specific total cross sections and the VHS 

model are negligible. This is because the state-specific total cross sections are dependent only on the 

collision energy in atom-atom collisions. 

In Fig. 2, the state-specific total cross sections for the atom-molecule collision are compared with 

the VHS model for various vibrational states in rotational j=0 and j=10. At the same translational 

energy, the state-specific total cross sections have different cross sections for each vibrational state. 

This is because the inter-nuclear distance of molecules affects the total cross sections in heavy-

particle collisions. These features are discernably shown at the high translational energies and high 

vibrational states. In comparing with the VHS model, the differences of the total cross sections are 

discernably shown at the vibrational states v > 5 and translational energy Etr > 1 eV. In this energy 

region, most of the dissociation of H2 are occurred by coupling with the rovibrational states of H2 [7, 

8], and the state-specific total cross sections can accurately describe the nonequilibrium chemical 

reactions. 

(4)
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Collision parameter  Reference total cross section( 2cm ), refT =2,000K 

H+H 0.7415 6.387x10-15

H+He 0.7416 3.291x10-15

H+H2 0.8732 5.438x10-15

He+H2 0.7953 4.319x10-15
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Fig. 1. Comparison of the total cross sections for H+H and He+H collisions between the state-specific 

total cross sections and the VHS model. 

Fig. 1. ��Comparison of the total cross sections for H+H and He+H col-
lisions between the state-specific total cross sections and the 
VHS model.
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Fig. 2. Comparison of the total cross sections of H+H2 and He+H2 for various vibrational states 

between the state-specific total cross sections and VHS model: (a) H+H2(v=1, 3, 5, 10, j=0), (b) 

H+H2(v=1, 3, 5, 10, j=10), (c) He+H2(v=1, 3, 5, 10, j=0), (d) He+H2(v=1, 3, 5, 10, j=10). 

Fig. 2. ��Comparison of the total cross sections of H+H2 and He+H2 for various vibrational states between the state-specific total cross sections and 
VHS model: (a) H+H2(v=1, 3, 5, 10, j=0), (b) H+H2(v=1, 3, 5, 10, j=10), (c) He+H2(v=1, 3, 5, 10, j=0), (d) He+H2(v=1, 3, 5, 10, j=10).
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j=10. At the same translational energy, the state-specific 

total cross sections have different cross sections for each 

vibrational state. This is because the inter-nuclear distance 

of molecules affects the total cross sections in heavy-particle 

collisions. These features are discernably shown at the 

high translational energies and high vibrational states. In 

comparing with the VHS model, the differences of the total 

cross sections are discernably shown at the vibrational states 

v > 5 and translational energy Etr > 1 eV. In this energy region, 

most of the dissociation of H2 are occurred by coupling with 

the rovibrational states of H2 [7, 8], and the state-specific total 

cross sections can accurately describe the nonequilibrium 

chemical reactions.

In Fig. 3, the state-specific total cross sections for the 

atom-molecule collision are compared with the VHS model 

for various rotational states in vibrational v=0 and v=4. In 

this figure, the differences of the total cross sections for the 

various rotational states are negligible. These results of Figs 

2 and 3 shows that the inter-nuclear distance of molecules 

in each rotational and vibrational state affects the total 

cross section in heavy-particle collisions and the total cross 

section is mostly dependent on the vibrational states of the 

molecule. In the previous thermochemical nonequilibrium 

studies of N2, the same result was also observed in that the 

state-specific total cross sections of N2 are mostly depend on 

the vibrational states [19].

In Fig. 4, the transition probabilities of the bound-bound 

and bound-free transitions by the state-specific total cross 

sections are compared with those probabilities by the VHS 

model for various vibrational states at Etr=1eV. The transition 

probabilities of the state-specific total cross sections are 

determined as
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respectively. In Eqs. (7) and (8), ( , ', ', )trv j v j E   and ( , , )trv j c E   are the rovibrational state-
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Fig. 3. Comparison of the total cross sections of H+H2 and He+H2 for various rotational states 

between the state-specific total cross sections and VHS model: (a) H+H2(v=0, j=0, 5, 10, 30), (b) 

H+H2(v=4, j=0, 5, 10, 30), (c) He+H2(v=0, j=0, 5, 10, 30), (d) He+H2(v=4, j=0, 5, 10, 30). 

Fig. 3. ��Comparison of the total cross sections of H+H2 and He+H2 for various rotational states between the state-specific total cross sections and 
VHS model: (a) H+H2(v=0, j=0, 5, 10, 30), (b) H+H2(v=4, j=0, 5, 10, 30), (c) He+H2(v=0, j=0, 5, 10, 30), (d) He+H2(v=4, j=0, 5, 10, 30).
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model, the difference is only produced by the difference of 

the total cross sections. In Fig. 4 the transition probabilities 

of the bound-bound and bound-free transitions for H+H2 

and He+H2 are presented. The differences between the 

state-specific total cross sections and VHS model are almost 

twice for bound-bound transitions, and the differences of 

the transition probabilities of the bound-free transitions 

are increased in proportion to the vibrational state of H2. 

These results show that the state-specific total cross sections 

are more adequate to accurately describe the RVT energy 

transitions and coupled chemical reactions in highly excited 

rovibrational states.

3. ��RVT Energy Transitions and Coupled 
Chemical Reactions in DSMC

In most of the previous DSMC studies [2-6], the 

phenomenological model of Larsen-Borgnakke [1] was 

adopted to describe the rotational-translational (RT) and 

vibrational-translational (VT) transitions. However, in 

the H2 molecule, the rovibrational states are fully coupled 

[7, 8] and the RVT energy transitions have an important 

role in describing the thermochemical nonequilibrium 

of H2, and the LB model has a limitation in describing the 

RVT energy transitions [19]. In the present work, the state-

resolved method to describe the RVT energy transitions 

and coupled chemical reactions for H+H2 and He+H2 is 

constructed without relying on a macroscopic properties 

and phenomenological models of the DSMC.

In the state-resolved method of bound-bound transitions, 

the state-to-state transition probabilities of the atom-

molecule collisions are determined as
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By using Eqs. (11) and (13), the RVT energy transitions and 

coupled chemical reactions of the state-resolved method are 

constructed for the DSMC calculations.

In order to exactly describe the RVT energy transitions 

and coupled chemical reactions by the state-resolved 

method, the initial chemical equilibrium composition and 

25 

Fig. 4. State-to-state transition probability by the state-specific total cross section (Present) and VHS 

model for various vibrational states at 1.0 eV: (a) bound-bound transitions of H+H2, (b) bound-free 

transitions of H+H2, (c) bound-bound transitions of He+H2, (d) bound-free transitions of He+H2.

Fig. 4. ��State-to-state transition probability by the state-specific total cross section (Present) and VHS model for various vibrational states at 1.0 eV: 
(a) bound-bound transitions of H+H2, (b) bound-free transitions of H+H2, (c) bound-bound transitions of He+H2, (d) bound-free transitions 
of He+H2.
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the initial rovibrational number density distributions of 

H2 are important. In the present work, the initial chemical 

equilibrium composition for a given initial temperature 

is evaluated by Saha equation [23] of rovibrational states 

including the exact rovibrational energies of H2 calculated 

by the quantum mechanical method [7, 8]. For the initial 

rovibrational number density distributions of H2, the 

exact rovibrational populations based on the atomic and 

molecular partition functions are employed through the 

acceptance-rejection method [19] in the present work.

In Fig. 5(a), at the equilibrium temperatures of 3,000 

K, 5,000 K, and 10,000 K, the distributions of normalized 

number densities are compared with the exact partition 

function relations for various vibrational states. 100,000 

particles are generated to make the distribution curve in 

the DSMC calculations. In Fig. 5(a), the distributions of 

initial molecules agree with those of the partition functions. 

In Fig. 5(b), the distributions of normalized number 

density for various rotational states of H2(v=0, 1, 3, 5, and 

8) are compared with the exact partition functions for the 

equilibrium temperature of 5,000 K. As shown in Fig. 5(b), 

the rotational distributions are accurately reproduced by 

the DSMC calculations in comparing with those of the exact 

partition functions.

The RVT energy transitions and coupled chemical reactions 

of the state-resolved method are studied in isothermal heat 

bath conditions. A zero-dimensional DSMC code with some 

manipulations is employed in the present work. In the DSMC 

calculations, 100,000 particles are generated. The initial 

number density of H2 is 1.0×1018cm-3, and those of H and He 

are both 5.0×1017cm-3. The initial nonequilibrium conditions 

of seven heating cases are tabulated in Table 2. In the DSMC 

calculations, it is assumed that the rovibrational energy 

excitations and chemical reactions occur at a constant 

volume and isothermal condition.

In validating the state-resolved method in nonequilibrium 

heat bath conditions, the rovibrational master equation 

calculations of H+H2 and He+H2 are adopted. In these 

master equation calculations, the rovibrational state-to-state 

transition rate coefficients are obtained from the work by 

Kim et al. [7, 8], which is the same reference database of the 

rovibrational state-to-state transition cross sections used in 

the state-resolved method of the DSMC calculations. Details 

about the master equation calculations are provided in the 

work by Kim et al. [7, 8].

In Fig. 6, the rotational and vibrational temperature 

relaxations calculated by the state-resolved method are 

compared with the relaxations of the master equation 

calculations for H+H2 and He+H2. In the present work, the 

energy-equivalent method [7, 8] is employed to determine 

the rotational and vibrational temperatures in DSMC 

and master equation calculations. For Cases 3 to 6, the 

temperature relaxation curves of the DSMC calculations by 

state-resolved method are almost identical to those of the 

master equation calculations. These results show that the 

microscopic and deterministic calculations of the state-

resolved method can accurately describe the RVT energy 

transitions.

In Fig. 7, the rotational and vibrational relaxation 

parameters for H+H2 and He+H2 evaluated by the state-

resolved method are compared with the shock-tube 

experimental data by Dove and Teitelbaum [9]. In this 

experiment, a laser Schlieren technique was adopted in 

measuring the relaxation time of incident shock waves 
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Fig. 5. Comparison of the initial normalized number density distributions between the state-resolved 

method (Present) and exact partition functions: (a) H2(v=0 to 14) at T=3,000 K, 5,000 K, and 10,000 K,

(b) H2(v=0, 1, 3, 5, 8, j) at T=5,000 K.

Fig. 5. ��Comparison of the initial normalized number density distributions between the state-resolved method (Present) and exact partition func-
tions: (a) H2(v=0 to 14) at T=3,000 K, 5,000 K, and 10,000 K, (b) H2(v=0, 1, 3, 5, 8, j) at T=5,000 K.

Table 2. Initial heat bath conditions for H+H2 and He+H2 mixtures.
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Table 2. Initial heat bath conditions for H+H2 and He+H2 mixtures. 

T r vT T
Case 1 1,000K 2,000K 
Case 2 1,000K 3,000K 
Case 3 1,000K 4,000K 
Case 4 1,000K 6,000K 
Case 5 1,000K 8,000K 
Case 6 1,000K 10,000K 
Case 7 1,000K 16,000K 
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at a temperature range between 1,350 K and 3,000 K. The 

rotational and vibrational energy relaxations evaluated by 

the state-resolved method can be described by the Landau-

Teller type of energy relaxation equation [28] as

9 

the rovibrational state-to-state transition rate coefficients are obtained from the work by Kim et al. [7, 

8], which is the same reference database of the rovibrational state-to-state transition cross sections 

used in the state-resolved method of the DSMC calculations. Details about the master equation 

calculations are provided in the work by Kim et al. [7, 8]. 

In Fig. 6, the rotational and vibrational temperature relaxations calculated by the state-resolved 

method are compared with the relaxations of the master equation calculations for H+H2 and He+H2.

In the present work, the energy-equivalent method [7, 8] is employed to determine the rotational and 

vibrational temperatures in DSMC and master equation calculations. For Cases 3 to 6, the temperature 

relaxation curves of the DSMC calculations by state-resolved method are almost identical to those of 

the master equation calculations. These results show that the microscopic and deterministic 

calculations of the state-resolved method can accurately describe the RVT energy transitions. 

In Fig. 7, the rotational and vibrational relaxation parameters for H+H2 and He+H2 evaluated by the 

state-resolved method are compared with the shock-tube experimental data by Dove and Teitelbaum 

[9]. In this experiment, a laser Schlieren technique was adopted in measuring the relaxation time of 

incident shock waves at a temperature range between 1,350 K and 3,000 K. The rotational and 

vibrational energy relaxations evaluated by the state-resolved method can be described by the Landau-

Teller type of energy relaxation equation [28] as 
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where r  and v  are rotational and vibrational relaxation times, respectively. In the present work, 

the relaxation times of the state-resolved method are determined by the e-folding curve-fit method 

proposed by Kim et al. [7, 8]. By multiplying r  and v  by pressure, one obtains the characteristic 

rotational and vibrational relaxation parameters rp  and vp , respectively. In Fig. 7, the vibrational 

relaxation parameter of He+H2 by the state-resolved method is compared with the experimental data, 

and it agrees well with the measured value. In He+H2, the rotational relaxation occurs faster than 
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where τr and τv are rotational and vibrational relaxation 

times, respectively. In the present work, the relaxation times 

of the state-resolved method are determined by the e-folding 

curve-fit method proposed by Kim et al. [7, 8]. By multiplying 

τr and τv by pressure, one obtains the characteristic 

rotational and vibrational relaxation parameters pτr and pτv, 

respectively. In Fig. 7, the vibrational relaxation parameter 

of He+H2 by the state-resolved method is compared with 

the experimental data, and it agrees well with the measured 

value. In He+H2, the rotational relaxation occurs faster 

than vibrational relaxation for all test cases. The rotational 

relaxation time approaches the vibrational relaxation time 

above 16,000 K. In the temperature relaxations of H+H2, the 

rotational and vibrational relaxations occur similarly for all 

test cases. These phenomena are more obvious for the cases 

with the initial equilibrium temperature higher than 10,000 

K, even though overall relaxation patterns of the rotational 

and vibrational temperatures are similar for all test cases 

considered.

In Fig. 8, the rotational and vibrational temperature and 

number density relaxations evaluated by the state-resolved 

method are compared with those by the master equation 

calculations. For Cases 4 to 7, the rotational and vibrational 

temperatures and number density relaxations of the state-

resolved method agree well with the results of master 

equation calculations before statistical fluctuation appear. 

These fluctuations of the temperatures of Case 7 result 

from the dissociation of H2. For both H and He collisions, 

27 

Fig. 6. Comparison of the rotational and vibrational temperature relaxations between the state-

resolved method and maser equation calculations: (a) rotational temperature relaxation for H+H2, (b) 

vibrational temperature relaxation for H+H2, (c) rotational temperature relaxation for He+H2, (d) 

vibrational temperature relaxation for He+H2.

Fig. 6. ��Comparison of the rotational and vibrational temperature relaxations between the state-resolved method and maser equation calcula-
tions: (a) rotational temperature relaxation for H+H2, (b) vibrational temperature relaxation for H+H2, (c) rotational temperature relaxation 
for He+H2, (d) vibrational temperature relaxation for He+H2.
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Fig. 7. Comparison of the rotational and vibrational relaxation parameters between the state-resolved 

method and the shock-tube experimental data [9]. 

Fig. 7. ��Comparison of the rotational and vibrational relaxation param-
eters between the state-resolved method and the shock-tube 
experimental data [9].
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a rovibrational quasi-steady state (QSS) period is observed. 

During this rovibrational QSS period, the rotational and 

vibrational temperatures are almost constant, and the 

number density of dissociated H atom increases rapidly. 

In the QSS period, the number density rate of change of 

rotational and vibrational states is much smaller than 

both the sum of all incoming rates and sum of all outgoing 

rates by nonequilibrium chemical reactions [19]. This 

phenomenon results in the rotational and vibrational 

energies maintaining near-constant values. Most of the 

nonequilibrium chemical reactions coupled with the RVT 

energy transitions occur in the QSS period. In comparing 

of the state-resolve method and the master equation 

calculations of Fig. 8, such QSS phenomena is obviously 

shown in the DSMC calculations by the state-resolved 

method. 

In Fig. 9, the number density distributions evaluated 

by the state-resolved method for Case 6 are compared 

with those of the master equation calculations at the QSS 

time point of 5.0×10-8 s and 1.0×10-6 s for H+H2 and He+H2, 

respectively. In Figs. 11(a) and 11(c), comparison is made for 

the various rotational state, and in Figs. 12(b) and 12(d), it 

is made for vibrational states. At the QSS time point where 

the nonequilibrium chemical reactions are dominant, the 

number density distributions of the state-resolved method 

and the master equation calculations are almost identical 

for various rotational and vibrational states. These results 

show that the thermochemical nonequilibrium of H+H2 and 

He+H2 are accurately described by the state-resolve method 

in the DSMC calculations.

In Fig. 10, the chemical reaction rate coefficients 

calculated in the state-resolved method for Cases 1 to 7 are 

compared with the experimental reference values by Cohen 

and Westberg [10]. In the reaction rate coefficients, the 

experimental results are available only in the temperature 

range between 1,000 K and 5,000 K. The figure shows that 

the chemical reaction rate coefficients by the state-resolved 

method agree very well with the experimental values. These 

results show that the state-resolved method can accurately 

describe the nonequilibrium chemical reactions which are 

dominantly occurred in the QSS conditions.

4. ��Nonequilibrium Calibration of the Previ-
ous Chemical Reaction Models

In the present work, the nonequilibrium chemical 

reactions are calculated additionally by using the previous 

chemical reaction models [2, 11-13] of the DSMC. The 

purpose of this calculations is to see whether the existing 

models are compatible with the nonequilibrium distributions 

of the rovibrational states. Total collision energy (TCE) 

29 

Fig. 8. Comparison of the rotational and vibrational temperatures and number density relaxations 

between the state-resolved method and the master equation calculations for Cases 4 to 7: (a) rotational 

and vibrational temperature relaxations of H+H2, (b) number density relaxations of H+H2, (c) 

rotational and vibrational temperature relaxations of He+H2 mixture, (d) number density relaxations 

of He+H2.

Fig. 8. ��Comparison of the rotational and vibrational temperatures and number density relaxations between the state-resolved method and the 
master equation calculations for Cases 4 to 7: (a) rotational and vibrational temperature relaxations of H+H2, (b) number density relaxations 
of H+H2, (c) rotational and vibrational temperature relaxations of He+H2 mixture, (d) number density relaxations of He+H2.
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model [11], vibrational favored dissociation (VFD) model 

[12], weak vibrational biased rotation (WVBr) model [2], and 

full threshold (FT) model [13] are adopted in describing the 

nonequilibrium chemical reactions of H+H2 and He+H2. In 

the present work, the bound-bound transition is treated by 

the state-resolved method in order to accurately describe 

the RVT energy transitions because the nonequilibrium 

chemical reactions of H2 is mainly coupled with the RVT 

energy transitions [7, 8]. The bound-free transition part of 

the state-resolved method is substituted by the TCE, VFD, 

WVBr, and FT models.

In previous chemical reaction models, the VFD, WVBr, 

and FT models treat the chemical reactions as the rotational 

or vibrational energy coupled transitions, and such coupled 

transitions are described by arbitrary parameters. Therefore, 

the chemical reaction parameters of the previous DSMC 

models need to be calibrated. In the previous DSMC 

works [3, 4, 11-13], these parameters were calibrated in the 

equilibrium heat bath conditions. However, the calibration 

in the equilibrium conditions is questionable because the 

chemical reactions are occurred in the thermochemical 

nonequilibrium status of the QSS. In order to accurately 

describe the nonequilibrium chemical reactions, the 

parameters of the previous DSMC models need to be 

calibrated in the nonequilibrium status including the QSS. 

In the present work, the calibration of the chemical reaction 

parameters is carried out in the nonequilibrium heat bath 

conditions evaluated by the master equation calculations, 

where the RVT energy transitions, coupled chemical 

reactions, and rovibrational QSS of energy transitions are 

accurately describe by the state-to-state kinetics of H+H2 and 

He+H2.

In Fig. 11, the sample calibration of the chemical reaction 

parameter φVFD of the VFD model for H+H2 is presented. 

For Case 4, the number density relaxation evaluated by 

the master equation calculations is positioned between 

the results of the DSMC calculations of φVFD=7 and φVFD=9. 

For Case 5, the results is positioned between φVFD=5 and 

30 

Fig. 9. Comparison of the number density distribution at the QSS time point between the state-

resolved method and the master equation calculations: (a) various rotational states of H+H2(v=0, 2, 5, 

8, j), (b) various vibrational states of H+H2(v=0 to 14), (c) various rotational states of He+H2(v=0, 2, 5, 

8, j), (d) various vibrational states of He+H2(v=0 to 14). 

Fig. 9. ��Comparison of the number density distribution at the QSS time point between the state-resolved method and the master equation calcu-
lations: (a) various rotational states of H+H2(v=0, 2, 5, 8, j), (b) various vibrational states of H+H2(v=0 to 14), (c) various rotational states of 
He+H2(v=0, 2, 5, 8, j), (d) various vibrational states of He+H2(v=0 to 14).

31 

Fig. 10. Comparison of chemical reaction rate coefficients between the state-resolved method and the 

experimental reference values [10]. 

Fig. 10. ��Comparison of chemical reaction rate coefficients between 
the state-resolved method and the experimental reference 
values [10].
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φVFD=7. For Case 6, φVFD=3 and φVFD=5. Also for Case 7, it is 

position between φVFD=1 and φVFD=3. In order to determine 

the chemical reaction parameter φVFD for each test cases, a 

linear interpolation method is adopted. Then, the parameter 

φVFD have 7.9658, 5.3616, 4.1028, and 2.5987 for Case 4 to 7, 

respectively.

The chemical reaction parameters of the VFD, WVBr, and 

FT models for H+H2 and He+H2 are calibrated by using the 

same methodology presented in Fig. 11. These parameters 

are tabulated in Table 3. In these calibration processes, 

32 

Fig. 11. Sample calibrations of the chemical reaction parameter of the VFD model for H+H2 in 

nonequilibrium conditions: (a) Case 4, (b) Case 5, (c) Case 6, (d) Case 7. 

Fig. 11. ��Sample calibrations of the chemical reaction parameter of the VFD model for H+H2 in nonequilibrium conditions: (a) Case 4, (b) Case 5, (c) 
Case 6, (d) Case 7.

33 

Fig. 12. Comparison of the number density relaxations between the previous DSMC chemical models 

and the master equation calculations for H+H2 and He+H2: (a) TCE model, (b) VFD model, (c) WVBr 

model, (d) FT model. 

Fig. 12. ��Comparison of the number density relaxations between the previous DSMC chemical models and the master equation calculations for 
H+H2 and He+H2: (a) TCE model, (b) VFD model, (c) WVBr model, (d) FT model.
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the reference number density relaxations are evaluated by 

the master equation calculations in order to calibrate the 

parameters as nonequilibrium status.

In Fig. 12, the number density relaxations calculated by 

the previous DSMC chemical reaction models [2, 9-11] are 

compared with the results of master equation calculations 

for the nonequilibrium heat bath conditions of Case 6. In 

the DSMC calculations, the bound-bound transitions are 

treated by the state-resolved method, and only the bound-

free transition component of the state-resolved method is 

replaced by the existing chemical reaction models. In Fig. 

12, the number density relaxation patterns of the previous 

DSMC chemical reaction models of VFD, WVBr, and FT 

models are in agreement with the results of the master 

equation calculations. However, discernible differences are 

observed in the TCE model even though the RVT energy 

transitions are accurately described through the state-

resolved method. This is because the TCE model does not 

include the nonequilibrium adapted parameters, and results 

show that the TCE model has a limitation in describing the 

nonequilibrium chemical reactions.

In Fig. 13, the rotational and vibrational number density 

distributions evaluated by the previous DSMC chemical 

reaction models of the TCE, VFD, WVBr, and FT models are 

compared with those of the master equation calculations at 

the QSS time point of 5.0×10-8 s and 1.0×10-6 s for H+H2 and 

He+H2, respectively. In Figs. 13(a) and 13(c), the comparison 

is made for the various rotational states of vibrational v=0. 

In Figs. 13(b) and 13(d), the number density is compared 

for the various vibrational states of rotational j=0. Except for 

the TCE model, the number density distributions for H+H2 

and He+H2 have distributions similar to those of the master 

equation calculations. These results show that the previous 

DSMC chemical reaction models of the VFD, WVBr, and 

FT models, where the chemical reaction parameters are 

calibrated in the nonequilibrium conditions, are enough to 

describe the nonequilibrium chemical reactions of H+H2 

and He+H2.

34 

Fig. 13. Comparison of the number density distribution at the QSS time point between the previous 

DSMC chemical reaction models and the master equation calculations: (a) various rotational states of 

H+H2(v=0, j), (b) various vibrational states of H+H2(v=0 to 14, j=0), (c) various rotational states of 

He+H2(v=0, j), (d) various vibrational states of He+H2(v=0 to 14, j=0).

Fig. 13. ��Comparison of the number density distribution at the QSS time point between the previous DSMC chemical reaction models and the 
master equation calculations: (a) various rotational states of H+H2(v=0, j), (b) various vibrational states of H+H2(v=0 to 14, j=0), (c) various 
rotational states of He+H2(v=0, j), (d) various vibrational states of He+H2(v=0 to 14, j=0).

Table 3. Calibrated dissociation parameters of the previous DSMC dissociation models.

21 

Table 3. Calibrated dissociation parameters of the previous DSMC dissociation models. 

H+H2 He+H2

VFD WVBr FT VFD WVBr FT 
Case 4 7.9678 5.8969 0.68700 10.758 14.896 0.14521 
Case 5 5.3616 4.7550 0.57075 7.5365 12.695 0.10054 
Case 6 4.1028 4.1344 0.49199 5.8323 11.318 0.073797 
Case 7 2.5987 3.3928 0.32755 3.2553 8.6934 0.047205 
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5. Conclusions

Direct simulation Monte Carlo (DSMC) calculations for 

H+H2 and He+H2 are performed by a state-resolved method 

in which the elastic and inelastic collisions are described at 

the microscopic level of cross sections using a deterministic 

method without macroscopic and phenomenological 

assumptions. In the present work, the state-specific total 

cross sections of H+H2 and He+H2 for each rovibrational 

states are derived. Unlike the previous total cross section 

models, in the state-specific total cross sections, the inter-

nuclear distance of colliding molecules is considered in 

determining the cross sections. The state-specific total cross 

sections are evaluated through the quasi-classical trajectory 

method based on the exact potential energy surfaces of H+H2 

and He+H2. The state-resolved method is constructed using 

the state-specific total cross sections and the rovibrational 

state-to-state transition cross sections obtained from the 

work by Kim et al. [7, 8] in order to accurately describe the 

rotational-vibrational-translational (RVT) energy transitions 

and coupled chemical reactions. This first principles 

approach avoids use of any phenomenological assumptions 

and macroscopic properties. In nonequilibrium heat bath 

calculations, the results of DSMC calculations by the state-

resolved method are compared with those of master equation 

calculations. The rotational and vibrational nonequilibrium 

including the RVT energy transitions are exactly described by 

the state-resolved method. For the nonequilibrium chemical 

reactions, the state-resolved method accurately describes 

the quasi-steady state (QSS) of rotational and vibrational 

energies and the nonequilibrium chemical reactions in this 

QSS period. The nonequilibrium energy relaxations and 

the chemical reactions are compared with the shock-tube 

experimental data and are in agreement with the reference 

values. When the bound-free transitions of the state-resolved 

method are replaced by the previous DSMC chemical 

reaction models with the calibration of the chemical reaction 

parameters in the nonequilibrium conditions, it is found that 

the vibrational favored dissociation model, weak vibrational 

biased rotation model, and full threshold model are enough 

to describe the nonequilibrium chemical reactions of H+H2 

and He+H2. However, the total collision energy (TCE) model 

has limitations in describing the nonequilibrium chemical 

reaction.
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